Using graph-theoretical techniques, we establish an inequality regarding the number of walks and closed walks in a graph. This inequality yields several upper bounds for the number of closed walks in a graph in terms of the number of vertices, number of edges, maximum degree, degree sequence, and the Zagreb indices of the graph. As applications, we also present some new upper bounds on the Estrada index for general graphs, bipartite graphs, trees and planar graphs, some of which improve the known results obtained by using the algebraic techniques. MSC: 05C50; 94C15; 05C38
Introduction
Throughout this paper we consider simple graphs, i.e., graphs without loops and multiple edges. For a graph G with n (n ≥ ) vertices, the adjacency matrix of G is, as usual, defined as the n × n matrix A(G) Based on the number of closed walks, Estrada [] put forward a graph invariant, which was originally referred to as the subgraph centrality but has since become known as the Estrada index of a graph G, defined as
where λ  , λ  , . . . , λ n are the eigenvalues of G. [] . In this paper, using graph-theoretical techniques, we establish an inequality regarding the number of walks and closed walks starting at a given vertex. This inequality yields several upper bounds for the number of closed walks in a graph in terms of the number of vertices, number of edges, maximum degree, degree sequence, the first and the second Zagreb indices of the graph. As applications, in Section  we present some new upper bounds on the Estrada index for general graphs, bipartite graphs, trees, and planar graphs, which improve some known results obtained by using the algebraic techniques.
Main results
Given a graph G and a vertex v, let W k (G, v) denote the set of walks of length k starting at v in G, and let
In general, we have the following result.
Lemma  Let G be a graph of order n with maximum degree , and let v be an arbitrary vertex in G. Then
Each of the equalities holds in ()-() for all v if and only if G is regular.
Proof
Observe that each of k steps of W has at most choices, then () follows. We also notice that the first one, two, and three step ( Let W k (G) be the number of walks of length
where Zg  (G), Zg  (G) are the first and the second Zagreb indices of G, respectively. Using these facts and Lemma , for general k ≥ , we have the following.
Theorem  Let G be a graph with n vertices, m edges, and maximum degree . Then
Each of the equalities holds in ()-() if and only if G is regular.
Proof This proof is trivial.
Remark Bounds ()-() can be seen as some slight improvements of bound (). Here, we also list two other improvements of bound () for using later.
with equality if and only if G is regular or k ≤ . http://www.journalofinequalitiesandapplications.com/content/2014/1/199
(ii) [] Let G be a graph of order n with maximum degree . If G admits an orientation with maximum outdegree d ≤ /, then for k ≥ ,
Moreover, from the proof of () (see Theorem  in []), one can deduce that the equality holds in () if and only if G is a -regular Euler graph.
Now we turn to the number of closed walks. Let CW k (G, v) denote the set of closed walks of length k starting and ending at v in G, and let
In general, for k ≥  we establish the following simple but useful result.
Lemma  Let G be a graph of order n and let v be an arbitrary vertex in G. Then, for any k ≥ ,
with equality if and only if k is even, and the component of G containing v is bipartite and v is adjacent to each of the vertices in the other partition part.
Proof Let f be the map from
One can see that different closed walks are mapped to different walks by f , which yields
Further, the equality holds if and only if the end vertex of each walk in W k- (G, v) is adjacent to v. In this case, if k is odd then, for any edge vu, W k- (G, v) contains a walk of the form W = vuvu · · · vuv while v is not adjacent to itself, a contradiction. So if the equality holds in (), then k must be even. Now we consider the component C v of G containing v, under the assumption that the equality holds in () and k is even. Let N l (G, v) denote the set of vertices at distance l from v in G. We claim that N l (G, v) is an empty set, for any l ≥ . Otherwise there would be a path P = vv  v  v  such that v  is not adjacent to v, but the walk W = vv  vv  · · · vv  v  v  defined on the path P belongs to W k- (G, v), which implies that v  is adjacent to v, a contradiction. We next show that there are no edges with both end vertices in N l (G, v), l ∈ {, }. For contradiction, assume that there is an edge, say (d  , d  , . . . , d n ) . Then, for any k ≥ ,
Each of the equalities holds in ()-() if and only if k is even and each component of G is the complete bipartite graph K , . Moreover, if G admits an orientation with maximum outdegree d ≤ /, then, for any k ≥ ,
CW k (G) ≤ n k- d (k-)/ ( -d) (k-)/ , (   )
with equality if and only if both k and are even and each component of G is the complete bipartite graph K , .
Proof For k ≥ , it follows from Lemma  that
with equality if and only if k is even, and each component of G is a complete bipartite graph. This result together with bounds ()-() yield bounds ()-() directly; also the equality cases follow by noting that G is -regular ( is even in the case of ()). The proof is completed.
Recall that an orientation of a graph G is a digraph D obtained from G by choosing an orientation for each edge. The outdegree of a vertex v in D is the number of edges with tail v. It is well known [] that a tree (or forest) admits an orientation with maximum outdegree d =  and a planar graph with d = . In fact, for a forest, fixing a root for each component and orienting each edge in each component toward its root would yield an orientation with d = ; furthermore, a planar graph has an orientation with d =  since its edges can be partitioned into three forests (see, e.g., [] ). Thus, by () we get an immediate corollary.
Corollary  Let G be a graph of order n with maximum degree . If G is a tree (or forest) and ≥ , then, for any k ≥ ,
If G is a planar graph and ≥ , then, for any k ≥ ,
Remark that if G is a bipartite graph (including tree and forest), then there are no closed walks of odd length in G, and hence CW k (G) =  when k is odd. Formally this is stated in the following proposition.
Proposition  Let G be a bipartite graph. Then, for any k ≥ , CW k- (G) = .
Applications
In this section we apply the results in the previous section to estimate the Estrada index of graphs.
Let M k (G) denote the kth spectral moment of
. On the other hand, recalling the power-series expansion of the function e x , we have another expression for the Estrada index of G as follows:
In particular, if G is a bipartite graph, then by Proposition , we get
We are now ready to give some new upper bounds for EE(G).
Theorem  Let G be a graph with n vertices, m edges, t triangles, maximum degree and degree sequence
Moreover, if G admits an orientation with maximum outdegree d ≤ /, then
Proof We first consider (). By (), Theorem  and noticing that CW  (G) = n, CW  (G) = , CW  (G) = m ≤ n , we have
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